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Abstract. A homomorphic transformation of the eigenfmctions of a regular Sturm Liouville 
differential operator into ordered pairs of points in a two dimensional subspace of R4 is defined. 
The transformation provides a simple alternative method for deriving well known results about 
such operators. 
1. INTRODUCTION 
It is well known [l] that the differential equation 
x E [I, ml, (1) 
with boundary conditions 
Y(X0) = co, 
g(xo) = cj, j=l,2 )...) n-l, xoE[I,m], 
has a unique solution provided that H satisfies certain Lipschitz conditions. This establishes 
an initial value isomorphism between solutions of (1) and points in R” 
Y - (co, Cl, ‘. *, cn-1). 
Here we consider the differential equation 
a2 Y” + a1 Y’ + (a0 - A) y = 0, x E [I, m], (2) 
where ac, al and a2 are functions of x such that when (2) is written in the equivalent form 
(P Y')' + (q - A w) Y = 0, 1: E [I, 4, (3) 
withp= wa2,p’ = wal and q= wao, 
(i) p, p’, q and w are real valued and continuous for t E [I, m], 
(ii) p(z) > 0, q(x) > 0 for x E [1, m]. 
Equation (2) or (3), with boundary conditions 
&(y) = a1 y(l) + Pl Y'(l) + 71 Y(m) + 51 Y'W = 03 
B2(y) = cY2 y(l) + P2 Y’(l) + 72 y(m) + 52 y’(m) = 0, (4) 
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where ;; 
I 
is real and of rank 2, defines 
rule [2] 
a linear operator L in U by the 
Ly= ; KP Y’)’ + P Yl v Y E K (5i) 
~={YlYEC2(~IZIm),Bl(Y)=0,B2(Y)=O}, (5ii) 
{ J 
m 
> J 
m 
UEH= y] UJ IY12 < 00 , Y2 *Y1 = WYZiil. (5iii) 
I I 
2. THE TRANSFORMATION 
In what follows, points in R4 will be represented by column matrices. Let 4 denote the 
mapping which associates with a real valued function f defined on [I, m] the point 
F = d(f) = [f (1) f’(l) f Cm> f’(m)? (6) 
in R4 . We use this mapping to associate with each eigenfunction y of L in U (Equation 
(5)) a pair of points, S, T in R4 according to 
Y =s+it-Y=S+iT, 
where Y = 4(y), S = d(s), T = 4(t). (7) 
Further, if we associate a fixed point Bi in R4 with each boundary condition on y according 
to 
&( ) N Bi = [CY~ /?i yi &IT, i = 1,2, (6) 
then Bi(y) = 0, if and only if 
YTBi=O, i=l,2. 
Hence, 
S,T E < Bl,B2 >l. (9) 
Equations (6)-(g) specify a homomorphic transformation of the eigenfunctions of L in U to 
ordered pairs of points in a fixed two dimensional subspace of R4. 
3. THE ADJOINT OPERATOR, THE ADJOINT BOUNDARY CONDITIONS 
L’ in U’ is said to be adjoint to L in U if 
for all yr E U, y2 E U’. 
For L specified by (5i) 
Y2 * L Yl = L’ Y2 * Yl (10) 
I 
m 
Y2’LYl-J5Y2*Yl=P(iAY2-~1Y~) I (11) 
and since the right hand side of Equation (11) consists of boundary terms only, L is said 
to be formally self adjoint [3]. The adjoint boundary conditions for U’ are specified by the 
conditions Bi(y2) = 0, B4(y2) = 0 needed to make the right hand side of Equation (11) 
vanish for all yr satisfying Bi(yl) = Bz(yi) = 0. To derive these conditions, we note that 
the right hand side of Equation (11) can be written in matrix form as Yz Xi’,, where the 
matrix C is given by 
O 0 -1 -p(m) a 1 with a= [ 1 0 1 (12) 
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Let {B3,B4} be a spanning set for (B1,B2)*. Then, for Y1 in U, Y1’r B1 = 
Y: B2 = 0. These imply the existence of complex numbers z1,zz such that Y1 = z1 BB + 
22 Bq. It follows that 
Y;EY1 =ZlY;CB3+f2Yj?EB4. (13) 
Hence, YT C Y1 = 0 for all Y1 in U and Y2 in U’, if and only if 
Y,TCB3=0, Y,TCB4=0. 
These are the matrix form of the adjoint boundary conditions in U’. 
Equivalently, the adjoint boundary conditions are specified by the fixed vectors 
(14) 
B,* = CB3, B; =CB+ (15) 
4. THE CONDITION FOR AN OPERATOR TO BE SYMMETRIC 
L in U will be symmetric if its adjoint L* in U’ is such that L’ = L and U* = U. L given 
by Equation (5i) is formally self adjoint, so that it will be symmetric, if and only if U’ = U. 
This will be so, if and only if 
B; =rB1+-pB2 
B2+ =eBl+oB2 
7rb - ep # 0, 
or, equivalently, using result (15) and noting that C is nonsingular, 
B3 = ?rC-’ B1 + PC-’ B2 
84 = e C-’ B1 + CC-’ B2 
7k7-ep#0. 
(16) 
(17) 
Since B3 and 84 both belong to (BI, Bz)* 
B;B3=B;B3=BTBq=B;B4=0. (18) 
Noting that C is antisymmetric, Equations (18) are consistent with Equation (17), if and 
only if 
B; C-’ B1 = 0, (19) 
which is the necessary and sufficient condition for L to be symmetric. 
Condition (19) is the matrix form of the well known condition [2] 
(20) 
5. EIGENVALUES OF THE ADJOINT OPERATOR 
It is well known [2,3] that the eigenvalue spectrum of L in U is the solution set of the 
following equation in A 
Bl(u1) Bl(u2) 
Bz(u1) Bz(u2) 
= 0, (21) 
where ~1 = u1(A) and 212 = u2(A) are independent solutions of Equation (2) (or of Equation 
(3)). 
Since L is formally self adjoint, it follows that the eigenvalue spectrum of L’ in U’ consists 
of the solution set of 
E B3@1) E B3(u2) 
C B4(u1) E B4(u2) I 
= 0. (22) 
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Without 10s~ of generality, Ba and B4 can be chosen so that Br C B4 = 0 (for if not, 
replace B4 by B: = B4 - (Bz C BJ (Bz Bs)-’ C-l Ba). Then both C B3 and C B4 are 
orthogonal to both B3 and B4 so that 
CBS=hBl+kBz 
CB4=h’B1+k’Bz 
hk’f h’k, (23) 
in which case Equation (22) can be written 
h &(N) + k &(U2) x: &(uz) + k Bz(U2) _ &@I) B&2) 
h’ BI(w) + k’Bz(u2) h’Bl(u2) + k’ Bz(u2) - (hk’ -h’ k, B2(U1) B2(u2) = ” 
Hence, Equations (21) and (22) h ave the same solution set and we have a direct proof that 
a differential operator and its adjoint have the same eigenvalue spectrum [4]. 
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